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$x\in[0,1)$ $\beta$ $m$




Bertrand [3] K. Schmidt [7] $\beta$
Pisot 1 1




$(F)$ $x\in \mathbb{Z}[\beta]$ $\beta$
Theorem (Akiyama). $\beta$ Pisot (P ot
) $\beta$ $c$
$[0, c]$ $\beta$
[4] 3 Pisot $\beta$ $\beta$
:
$Irr(\beta)=x^{3}-k_{1^{X^{2}}}-k2x-1$ , $k_{1}(\neq 0),$ $k_{2}\in \mathbb{N}\cup\{0\}$ , and $k_{1}\geq k_{2}$
– [6] –
$\beta(>1)$ :
$Irr(\beta)=x-dk_{1}x-d-1k2x^{d-}2$ –. . . $-k_{d-1^{X}}-1$ ,
$k_{i}\in \mathbb{Z}$ , and $k_{1}\geq k_{2}\geq\cdots\geq k_{d-1}\geq 1$ .
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Main Theorem. $x\in \mathbb{Q}(\beta)\cap[0,1)$ $x$ $\beta$
$\omega x$ reduced















substitution $\sigma$ abelianization $\mathbb{Z}^{d}$
$M$
Rauzy [5] $Irr(\beta)=x-x-x-321(k_{1}=k_{2}=1)$
Pisot $\beta$ Rauzy fractal –
Arnoux [2]








$X= \bigcup_{=i1}^{d}X_{i}=\cup(RX1-i_{1}\mathrm{v})i_{1}k=01\ldots i_{d-}k\bigcup_{1=0}^{d-1}(Rx\text{ _{}-1}-id-1\mathrm{v})\cup RX_{d}$
$\mathrm{v}$
$\mathbb{R}^{d-1}$












$\mathrm{Y}_{d}=\omega[0, \tau_{\beta}d-11)\cross X_{\text{ }}$
$T_{\beta}1$ 1 $\beta$









$S_{\beta}(\omega x,\mathrm{X}):=(\omega(\beta x-[\beta_{X}]), R\mathrm{x}-[\beta_{X]}\mathrm{V}),$ $x\in[0,1)$
190
1: Rauzy $(k_{1}=k_{2}=1)$ $\mathrm{Y}$
– $\beta$ $T_{\beta}$ $S_{\beta}$
$S_{\beta}$ $T_{\beta}$ natural extension
Proposition 1. $S_{\beta}$
3 Reduction Theorem
$\rho:\mathbb{Q}(\beta)arrow \mathbb{R}\cross \mathbb{R}^{\text{ }1}-$
$\rho(x)=(x,$$)$
reduced
Definition 1. $x\in \mathbb{Q}(\beta)\mathrm{n}[0,1)$ reduced $\rho(\omega x)\in Y$
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Lemma 2. $x\in \mathbb{Q}(\beta)\cap[0,1)$ :
$S_{\beta}(\beta(\omega x))=\rho(\omega\cdot\tau\beta x)$








Proposition 5. $x\in \mathbb{Q}(\beta)\cap[0,1)$ $N_{1}>0$
$N\geq N_{1}$ $T_{\beta}^{N}x$ reduced
Lemma Proposition
Theorem 6. $x\in[0,1)$
1. $x\in \mathbb{Q}(\beta)\Leftrightarrow x$ $\beta$
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